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PREFACE 



Mathematics is auch a vast and rapidly expanding field of study that there 
are inevitably many important and fascinating aspects of the subject which, 
though within the grasp of secondary school students, do not find a place in the 
curriculum simply because of a lack of time. 

Many classes and individual students, however, may find time to pursue 
mathematical topics of special interest to thea. This series of pamphlets, 
whose production is sponsored by the School Matheoatice Study GrouR, is designed 
to make material for such study readily accessible in classroran quantity. 

Some of the pamphlets deal with material found In the regular curriculum 
but in , more extensive or intensive manner or from a novel point of view. 
Others deal with topics not usually found at all in the standard curriculum. 
It io hoped that these pamphlets will find use In classrooms in at least two 
ways. Some of the pamphlets produced could be used to extend the work done by 
a class with a regular textbook but others could be used profitably when teachers 
want to experiment with a treatment of a topic different frcsn the treatment in the 
regular text of the class. In all cases, the pamphlets are designed to promote 
the enjoyment of studying mathematics. 

Prepared under the supervlrion of the Panel on Supplementary Publications of the 
School Mathematics Study Croup: 

Professor R. D. Anderson, Department of Mathematics, Louisiana State 
University, Baton Rouge 3, Louisiana 

Mr. Ronald J. Clark, Oiairman, St. Paul's School, Concord, New Hampshire 03301 

Dr. W. Eugene Ferguson, Newton High School, Newtonville, Ufassachusetts 02l6o 

Mr. Thota&B J. Hill, Montclair State College, l^per Montclair, New Jersey 

Mr. Karl S. Kalman, Room 711D, Office of the Supt. of Schools, Parkway at 
?lst, Philadelphia 36, Pennsylvania 19103 

Professor Augusta Schurrer, Department of Mathematics, State College of Iowa. 
Oedar palls, Iowa 

Dr, Henry W. Syer, Kent School, Kent, Connecticut 

Professor Frank L. Volf, Oarleton College, Northfield, Minnesota 55057 

Professor John E. Yarnelle, Department of Mathematics, Hanover College, 
Hanover, Indiana 
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FACTORS AND FfUMES 
Answers to Exercises 

ExerciaeB I. 

1. (•) 2, 3, 5, 7, 11, 13, 17, 19, 23, 89, 31, 37, 1^1, k3, kj, 53, 59, 6l, 

67, 71, 73, 79, 83, 89, 97 

(t) 101, 103, 107, 109, 113, 127 

2. («) 15 (b) 25 (e) 31 

3. 0, 5, 10, 15, 20, 25, 30, 35, ho, 45, 50, 55, 60 
1*. 0, 7, 1^, 21, 28, 35, 1*2, h9 

5. 0, 15, 30, 45, 60, 75, 90 





12 


14 


17 


18 


20 


25 


27 


I 


12 


Ih 


17 


18 


20 


25 


27 


2 


6 


1 




9 


10 


no 


no 


3 








6 




no 


9 


k 


3 


no 




no 


5 


m> 


no 


5 


DO 


no 


no 


no 




5 


no 


6 


2 


no 


DO 


3 


no 


no 


no 


7 


no 


2 




no 


no 


no 1 


no 



7. (a) 12 =. 3 X 1* or 2x6 

(b) 36 = 2 X 18 or 3 X 12 or k 9 or 6x6 

(c) 31 is prlsK. 

(d) 7 is priiae. 

(e) 8 = 2 X 

(f) 11 is priae. 

(g) 35 - 5 X 7 

(h) 5 is prime, 

(1) 39 - 3 X 13 

(j) ^2 « 2 X 21 or 3 X ll* or 6x7 

(k) 6.2X3 
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(1) hi l6 priae. 
(m) 82 - 2 X 1*1 
(n) 95 - 5 19 

Of coiLrse, in all these caaes the two factors xoay be writ tea In reverse 
order • 

8, (a) The number, 2h, is divisible by 1, 2, 3, h, 6, 12, and 2k. 

(b) 2k is a xmltiple of 1, 2, 3# k, 6, 12, and 2k. 

(c) 2k is a sziiltlple of each of the sets of nuznbers in (a) and (b) 
since being a ^^multiple of" is the satoe as being ^divisible by." 

9. 12^2x6«6x2»3xU«Ux3b2x2x3 = 2X3x2«=3X2x:2 

10* 3 and 5, 5 and 7, H and 13, 17 and 19, 29 and 31, kl and U3, 
59 and 61, 71 and 73. There are eight such pairs, 

11, i*--2 + 2; 6 = 3 + 3; 8 = 5 + 3; 10 = 3 + 7 = 5 + 5; 12 = 5 + 7; 
11^ - 3 + 11 = 7 + 7; 16 - 3 + 13 « 5 + 11; 18 - 5 + 13 = 7 + 11; 
20 = 3 + 17 - 7 + 13; 22 = 3 + 19 ^ 5 + 17 - 11 + 11. 

12. Yes; 3, 5, 7« This is the only set because at least one of any set of 
three consecutive odd numbers is divisible by 3< 

0 1 (D 4 (3) 6 (D 8 ^ 10 (g) 12 @ 14 jfi 16 (g) 18 ® 20 

etc. 

(d) Yes. The numeral 2 is the only nunsral ciri.led which is not 
underliced. 

Ik, 3, 5, 7, U, 13, 17, 19, 23, 29 



Exercises £. 

1. (a) 1, ?, 5, 10 

(b) 1, 3, 5, 15 

(c) 1, 3, 9 

(d) 1, 2, 3, 6, 9, 1« 

(e) 1, 3, 9, 27 

(f) 1, 2, 3, ^, 6, 8, I?, 2k 

(g) 1, 11 
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2 



2. 



3. 



C») 


1 • 


'lOi 2-5 


(u) 


1 • 


• 15j 3 • 5 


(c) 


1 • 


9; 3 • 3 


U) 


I ■ 


100; 2-50; h • 2^; 5 • 20; 


(e) 


!• 


2k; 2 • 12; 3*8; k* 6 


(t) 


i. 




(g) 


1 . 


72: 2 • "^6: ^-21^: 4 • 18* 


(h) 


1 . 


6ls 1 • 27: 9 • Q 


U) 


2 • 


5 


(b) 


3 • 


5 


(c) 


3 • 


2 

3 or 3 


(d) 


2 • 


3* 5 


(e) 


'i ' 


3 • p or 3*5 


(f) 


2 • 


5-5 or 2*5^ 


(s) 


13 





10- 10 



6 • 12; 8-9 



4. 



5. 



6. 



7. 



2^ro is not a factor of six since there is not a number which, vhen 
iBultiplied by zero, gives a product of six; six is a factor of zero 
since the product of six and zero is zero, thus the definition is 



satisfied. 




(a) 


I, 10, 20 




(b) 


1, a, 6, 8, 9, 18, Ph, 36, 72 




(a) 


3-5-7 




(b) 


2 • 3 • 7 




(c) 


3 • 5 • 5 or 3*5^ 




(d) 


3 • 2 • 2 • 5 • 5 or 3 • 2^ • 5^ 




(e) 


2^ 




if) 


3 • 5 • 23 




(g) 


311 (This is a prime number. ) 




(h) 


,3.53 




(i) 


7 • 1*3 




(J) 


17- 19 




U) 


Even (f) 


Even 


(b) 


Even (g) 


Odd 


(c) 


Even (h) 


Odd 


(d) 


Even ( i ) 


Odd 


(e) 


Odd (j) 


Even 
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^8. Sooe of the iteffls in the table vlll be: 



(b 
(c 
(d 

(e 
(f 
(g 

(h 



Factors of N Niin&er of Factors Sum of Factors 
18 1,2,3,6,9,18 6 39 
2k 1,2,3,'+,6,8,12,24 8 60 
28 1,2,4,7,1^,28 6 56 

2, 3, 5, 7, 11, 13, 17, 19, 23, 29 (the prime numbers) 

kf 9f 25 (the squares of prime nu3ribers) 

2 

Three: 1, p, and p 

Foxir; 1, p, g, pg. The sum is 1 + p + g + pg. 

The factors are: 1, 2, 2 , 2-^, 2 . There are k + 1 of them. 

The factors are: 1, 3, 3 , 3 , 3 . There are k + 1 of them. 

If S p , the factors are 1, p, p , p-^, p . There are 

k ^ 1 of them. 

In this list the only numbers having 2K for the sum of their 
factors are 6 and 28. These are the tvo smallest perfect muabers. 
There is a general formula for all even perfect numbers- It is 

2P-1(2P . 1) 

w* ere both p and 2^-1 are prime numbers - The third perfect 
number is 496. 



Exercises ^, 

1. (a) ah (b) (c) ab (d) abj a\ 

2* 21, 22, 26, 33, 31^, and so on 

3. 25, 49, 121, or any other square of a prime number 

28, UU, or any others of the form where a and b are prime 

5a 2h, kO, ^h, 135, or any others of the form a"^ 

6. Here are come possible forms: a^^: 36, IDO, 225; ah>^l 72, 200^ 108 



8 



l« U) 22681^3 

&2& of digits ^ 

^ • 2 reaaiader 7 

Not divisible by 9 



679^^5 

&2m of digits 3X 

= 3 remainder k 
Not divisible by 9 

1^27536 

Sum of digits 27 

27 

» 3 remainder 0 
Divisible by 9 

Sim of digits 2k 

2h ^ 
-~ * 2 rensainder 6 

Not divisible by 9 

(b) and (c) The remainder upon division by 9 is equal to the remainder 
\ghen the sum of the digits is divided by 9« 

2# (a) The uniqueness property of addition 
(b) Yes 

3» (a) Yes 

(b) Same reason as ntunber 2 

1^* (a) Yes (c) Yes 

i\>) Yes (d) Yes 

20 

5, (a> L9 ^ J- j — has a remainder of 1^° or 1. 



(c) 10^° » 100^° = (99 + 1)^° iias a remainder of 1^° or 1. 



(I,) 0 ^ has a remainder of 1^° or 1. 



5 
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6. has a rejaalttder of 1. 

7. •(«) Divisibility by U: If the nu^r foraed by the last two digits is 

divisible by k, then the number i& divisible by k. 

(b) Divisibility by 8j If the number foriMa by the last three digits 
is divisible by 8, thee the number is divisible by 8. 

(c) mvisibllity by 25: If the nusijer fomed by the last two digits is 
divisible by 25 (e.g., 00, 25, 50, 75), then the number is 
divisible by 25. 

8. 2, j, k, 6, 12 (0 is divisible by 12). 

9. (a) Multiples of powers of 7* (This includes negative powers of 7, 

^'S'* ^ the decimal system is .16 in the system to the 

base 7.) 
(b) (.125^...)^ 

10. Remainder 3 

(Q ^ 1)20 ^ ^ 

!!• (a) ^ 1 - 1 0 (Refer to Ebcercise 5.) 

(6 1)^^ - 1 
(b) g 1 - 1 « 0 (as above) 

12. Cast 9*0 from the sxm as you go along. 
13- See text. 



Exereises 6. 

1. 927 sm of digits: 18 sum of digits: 9 sum of digits; 9 
865 SUB of digits; 19 sum of digits: 10 sum of digits: 1 

^35 Product 9 

5562 
7U16 

801855 sum of digits: 27 sum of digits: 9 

2. Answered in the text 
3t 810855 

3, 0, 0 
5« Answered in the text 
6. Casting out the 6's 
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75^*3 2 + 1 0 - 3, other digit Is 6, 

^J37 or 1 + 0 + 6-7, other digit is 2, 

sua of digits - 9 or 2 + 1 + 6-9, other digit is 0 or 



Exercieea 7^ . 

1. (1) («) 758 - 7 X 10^ + 58 which has r«aaiader 7+3-10 vhea 

divided by U since 100 has the remainder 1. 

(b) 75Q « 7 X 10^ + 5 X 10 + 8 which has the remainder 
8-5+7-10. 

(2) (a) 72^ « 72 X 10^ + U6 which has the same remainder as has 

72 + k6, that is, 6+2 or 8. ' 

(b) 72h6 - 7 5« 10^ + 2 X 10^ + 4 X 10 + 6 which has the same 
remainder as has 6 - + 2 - 7 ■= -3, that is, 8, 

(3) (a) 81675 • 8 X 10^ + 16 X 10^ + 75 which has the same remainder 

as has 8 + 5 + 9 -= 22. Hence, the remainder is 0. 

(b) 81675 = 8 X 10^ + 1 X 10^ + 6 X 10^ + 7 X 10 + 5 which has 
the same reminder as has 5-7 + 6-1 + 8 = 11. Hence, the 
remainder* is 0. 

2. Since 8 is 1 more than 7, a number to the base 7 can be tested 
for divisibil /by 8 in the same way that we con test for 
divisibility by 11 in the decimal system. For instance, consider 
(5326)^. 

Using the first method, we have (5326)^ = (53)^ x (lO^)^ + (26)^. 

Since 8 is (ii)^, the remainder when (10^)^ is divided by 8 is 
1. Thus, the remainder when the given number is divided by 8 is the 
same as when (53)^ + (26)^ is divided by (11)^. But (53).^ - (kh)^ ^ 6 

and (26)^ - (22)^ ■ k and, hence, the remair.ier is the si me as when 
6 + h is divided by 8, that is, 2. 

Using the second method, we have (53P6) - 5 x (10^)^ + 3 x (lO^)^ +• 

2 X (10)^ + 6. When this is divided by 8, the remainder is the bbob as 
that for 6-2+3-5=2. 
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3, 9, 27, 37, 3 X 37, 9 x 37, 999 

In the nuaerml tyatem to the base 7, we can teat for dlvlsioa by grouping 
In triples all the diviaors of 7^ - 1 - 3^*2. ISxese divisors are: 

2, 3, 6, 9, 18, 19, 38, 57, Ilk, 171, 3^2. 

In the nvanber aystea to the baae 12, we would have the divisors of 
12^ - 1 - 1727. Iheae factors are U, I57, 1727. 

(a) Yes. The resaaiadera v*ea the povers of 10 are divided by U are 
-1, 1, -1, 1, ... which baa a period of 2 since 11 Is a 
divisor of 10^ - 1. 

(b) The divisors 3 and 9 listed in the answers to Exercise 3 are 
divisors of 10^ - 1, as well as of 10^-1. All the others have 
three digits in the decimal equivalent of their reciprocals and, for 
these, grouping the digits in threes gives a divisibility test. 

7« See text. 
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1 n 





3 


7 


9 


U 


13 


17 


19 


21 


37 


101 


Ifl 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


10^ 


1 


3 


1 


10 


10 


10 


10 


10 


10 


10 


10 


10^ 


1 


2 


1 


1 


9 


15 


5 


16 


26 


100 


18 


103 


I 


6 


1 


10 


12 


lif 


12 


13 


1 


91 


16 




1 


If 


1 


1 


3 


k 


6 


If 


10 


1 


37 


icP 


1 


5 


1 


10 


k 


6 


3 


19 


26 


10 


1 




1 


1 


1 


1 


1 


9 


11 


1 


1 


100 


10 


io7 


1 


3 


1 


10 


10 


5 


15 


10 


10 


91 


18 




1 


2 


1 


I 


9 


16 


17 


16 


26 


1 


16 


10^ 


1 


6 


1 


10 


12 


7 


18 


13 


1 


10 


37 




1 




1 


1 


3 


2 


9 


If 


10 


100 


1 




1 


5 


1 


10 


1* 


3 


11^ 


19 


26 


91 


10 


10^2 


1 


1 


1 


1 


1 


13 


7 


1 


1 


1 


18 




1 


3 


1 


10 


10 


11 


13 


10 


10 


10 


16 




1 


2 


1 


1 


9 


8 


16 


16 


26 


100 


37 




1 


6 


1 


10 


12 


12 


8 


13 


I 


91 


1 


10^^ 


1 


1* 


1 


1 


3 


i 


k 


if 


10 


1 


10 



The nuinber of digits in the cycle in the repeating decimal is the saoe 
as the number of digits in the cycle of rexaainders# Since, for exan5)le, 
there are five remainders in the column headed by 41, one can test for 
divisibility by hi by grouping the digits in fives. 













1. i) 


✓ 


(a) 








3 


(e) 


7 




(c) 


3 


(f) 


13 




2. U) 


39 « 3 X 13 


(6) 


378 - 


2 X 3^ X 7 


(b) 


60 - 2^ X 3 X 5 


(h) 


^32 « 


k ^ 
2 X 3 


(c) 


81 - 3^ 


(i) 


576 = 


6 2 
2 X 3 


(d) 


98 « 2 X 7^ 


U) 


729 » 




(e) 


l8o 2^ X 3^ X 5 




1098 . 


« 2 X 3^ X 61 


(f) 


2 X 3 X U3 


(1) 


232U = 


= X 7 X 83 


3* See discussion above. 









For divisibility by 5, one needs only to see that ^en 5 is added to a 
niiaber wiiose units digit is 0, the sum haa units digit 5; if 5 is 
added to a nuinber whose u lits digit is ^, the sum has units digit 0. 
Ihis pattern repeats to show the test for all numbers. 

5. The following table can be made for asultiples of 9: 

Multiple of 9 9 I8 27 36 U5...90 99 108*.. 
Sum of digits 9 9 9 9 9*^* 9 19 9*** 

6. A counting number will be divisible by 6 if, and only if, it is divisi- 
ble by both 2 and 3. Hence, the test is that it must be even and the 
sum of its digits must be divisible by 3. 

?• If a nujnber is divisible by 15, it mat be divisible by both ? and 5, 
and conversely. Hence, the test is that its last digit mist be one of 
0 and 5, and the oinn of Its digits must be a multiple of 3. 

8. (a) Since the last digit is odd, the nuinber is odd. 

(b) The number is 390 in the decimal system and, hence, is even. 
Notice that the nuinber is even since it can be written in the 

•3 2 

form 'r ^ ! + 1, which is the sum of an even ntimber of 
odd numbers* 

(c) Here the number In the decimal system is 259, which Is odd. Notice 

that it may be written 0^+6 +641^ which is the sum of 1 and 
three even numbers, hence is odd. 

10 
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(d) Here the zmisber in the deciiaal system is i^O, which is even; or it 
2»y he stown even hy the same kind of arguxitent as in part (h). 

9» If a misiber is written in the system to the hase 1, its last digit 
is d if, and only if, it is divisible hy 7, hut it need not he 
divisible by XO. To test divisibility by 3, write the first few 
roultiples of 3 in the system to the base 7 as follows: 



lAuBber to the base 7 


3 


6 


12 


15 


21 


21* 


30 


33 


36 


1*2 


aaa of the digits 


3 


6 


3 


6 


3 


6 


3 


6 


12* 


6 



* Notice that 12 is also written in the system to the base 7. Here, 
when the first digit increases by 1, the second digit decreases by k, 
giving a net decrease of 3. Hence, the same test for divisibility by 3 
works both in the decimal system and in the system to the base 7, 

10. If a number is written in the number system to the base 12 and has 
zero as its last digit, it ntust bf divisible by 12, but need not be 
divisible by 10. It will be divisible by 3 if its last digit is one 
of 0, 3, 6, 9- This may be shown in the saxae way that we tested for 
divisibility by 5 in the decimal system, since the pattern 3, 6, 9, O 
repeats in the sequence of multiples of 3 written to the base 12, 

11. A number written to the base f will be divisible by 6 if the sum of 
its digits is divisible by 6. This is apparent from the table given 
for Exercise 9 if we notice that every other sum of digits is even. 

12. A number written in the decimal system will be divisible by k if one 
of the following holds: 

(a) the last digit is one of 0, h, 8 and the tens digit is even. 

(b) the last digit is 2 or 6 and the tens digit is odd. 

This can be seen from the pattern in vrfiich the multiples of h fall. 
Also, sinc^ any multiple of 100 is divisible by k, we coiild also 
say that a number is divisible by h if the number represented by the 
last two digits is divisible by k. 
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Sxerclaes 10 * 



I. 


U) 


Cl,2,3,6) 










{1,2,1^,3) 








(c) 










(4) 


{1,3,5,15} 








it) 


{1,2,^8,16) 








it) 


{1,3,7,21} 






p. 


(m) 


(1.2) 


(d) 


11.21 




It) 


l-»-,£-,"»J 


(e) 


(1.3) 




(c) 


{1.3} 


(f) 


{1.2.4) 


3. 


(•) 


{1,19} 








(b) 


{1,2,1*,7,U,28} 










{1,2,3,^^,6,9,12,18,36} 








(d) 


{1,2,2^,5,8,10,20,40} 








(e) 


{1,3,5,9,15,'*5} 








(f) 


{1,2,3,»^,6,8,9,12,18,2U,36,72} 




k. 


(a) 


{1} 


(d) 


{1.3.9} 




(b) 


{1,2,4} 


(e) 


{i.:'.4,8) 




(c) 


{1,2,4) 


(f) 


{1} 




(a) 


4 


(d) 


9 




(b) 


4 


(e) 


8 




(c) 


4 


(f) 


4 


6. 


(a) 


5 


(f) 


3 






6 


(g) 


12 




(c) 


12 


(h) 


8 




(d) 


25 


(i) 


15 




(e) 


16 


(J) 


10 


7- 


(a) 


6 








(b) 


29 








\C) 


a 






8. 


(a) 


, 1 








(b) 


1 








(c) 


1 







1? 

In 



9. («) Yea, 1 

(b) Yes, c-3, »-3, ^ ' 6 or 9 or 12, etc. 

(c) Ho; the greatest coenon factor can never be greater than the saallest 
sonber of the set of nuabers used. 

10. (a) So. {6,10,15} 

(b) Yes. G, C. P. of 6 and 10 is 2. 

0. C, F. of 6 and I5 is 3. 

G. C. F. of 10 and 15 is 5. 

U. (a) 36 - 2 • 2 • 3 • 3 • 2^' 3^ 

1*5 » 3 . 3 . 5 = 3^. 5 

(b) The greatest conason factor is 3^ or 9, 

12. (a) 18 = 2 • 3 • 3 « 2 . 3^ 

(b) 90 - 2 . 3 . 3 , 5 = 2 . 3^ • 5 

(c) G. C. F. - 2 • 3^ = 18 

13. (a) 21+ - 2^ • 3, 60 = 2^' 3 • 5 

G. C. P. = 2^ • 3 = 12 

(b) 36 « 2^' 3^ 90 = 2' 3^ . 5 
G. C. F. c 2 • 3^ = 18 

(c) 72 = 2^ • 3^, 108 = 2^ • 3^ 
G. C. F. > 2^' 3^ = 36 

(d) 25 = 5^, 75 >= 3 • 5^, 125 - 5^ 
G. C. P. = 5^ » 25 

(e) 2lf - 2^- 3, 60 = 2^ . 3 . 5, 81* = 2^ . 3 . 7 
G. C. F, « 2^' 3 = 12 

(f ) 42 . 2 . 3 . 7, 105 - 3 • 5 • 7, 11*7 » 3 • 7^ 
G. C. F. - 3 . 7 = 21 

Cs) 165 - 3 • 5 • 11, 234 = 2 . 3^ • 13 
G. C. F. = 3 

(h) 306 - 2 . 3^ • 17, 1173 = 3 • 17 • 23 

0. c. P. - 3 . 17 = 51 

(i) 201*0 - 2^ • 3 • 5 • 17, 218I* ^2^' 3 . 7 .13 
0. C. P. » 2^ • 3 » 21* 

13 

* / 



ERIC 



) 

b) 

c) 



6 (6 X 0 « 0) 
X 



a) Yes 

1>) Yes 
c) Yes 



Exercises 11 . 



1* Dividend Divisor Quotient Resiainder 

a. 2 

b. 1» 2 

c. 9 

d. 7 2 

e. 1* 2 

f. 3 2 
g' 10 

b. 66 

i. 20 

There are several possible answers for j. 

i' 9 9 

3 27 

1 81 



27 3 
81 1 

2. (a) No; see a. and J. 

(b) The dividend is greater than the quotient in this case, 

(c) The divisor must always be greater than the reiaainder. 

(d) Yes. 0+3=0 or 0 •= 3 • 0 + 0. 

(e) No. 3 + 0 is impossible because there is not a number which, when 
multiplied by 0, gives 3, with a remainder less than the divisor. 

(f ) Yes, 0*3-0 

or 3 4 5 may be considered as giving a quotient of 0 with 
remainder 3, This might be the answer to the question; "How many 
$5 shirts can you buy with $3?" 

(g) Yes, 6 + 6 = 1 with 0 remainder. 

6+2=3 with 0 remainder . 



Ik 



(ft) Yes 

(b) No. It Is is^sslble to divide by 0. 

<c) Yea 

(d) Yes. A remainde'r of 0 ia a whole maniber. 

a b 3 R 

(a) 2 1 

(b) 98 

(c) k 2 

(d) There are nany possible aosvers, as indicated 
here. 5y the ergrroutative property, the reverse 
order for each of these is also an acceptable 
aoswer. 



1 


100 


2 


50 


k 


25 


5 


20 


10 


10 




16 



(f) 25 

(a) No 

(b) Yes, (16 + 2 = 8, 8 > 2, q 8). 

(c) Yes,- (200 + 75 » 2 and Remainder 50 

q - 2, R = 50). 

(d) So. The divisor, b, may be any whole number except 0. (Division 
by 0 is impossible.) 

(e) Yes. (Counting manbers do not. include 0.) 

(f) Yes. (a nay be 0, then q = 0. Or, a may be any other number. 
However, q is not a counting number if a < b.) 

(a) (0,1,2,3) 

(b) The members of the set of all remainders are the whole numbers 
less than 11. 

(c) 25 

(d) K 
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7* (■) (1) 92 -t- 32 - 2 AOd Rraftinder 28 

(2) 32 t 28 • 1 aod Beaftlader k 

(3) 28 4> U - 7 Aod RfmlndPT O' 

4 Is the dlvlEor that rciults in a 0 res^liuler. 
The 0. C. F. iB k, 

(h) (1) 192 -fr 81 - 2 aad ResaOnder 30 

(2) 81 30 - 2 and Remiader 21 

(3) 30 •» 21 - 1 aod Boaaiader 9 
(h) 21 4 9 - 2 and Reminder 3 
(?) 9 4 3 - 3 and Remainder 0 

3 is the divisor that results in a 0 reasainder. 
Therefore, the G. C. P. is 3. 

(c) (1) 150 4 72 - 2 and Remainder 6 
(2) 72 4 6 = 12 and Remainder 0 

The G. C. F. is 6. 

(d) (1) 836 ^- 12J+ = 6 and Reaainder 92 

(2) 121* + 92 ° 1 and Remainder 32 

(3) 92 4 32 = (see answer 7(a).) 13m C. C. F. la h. 

(e) G. C. F. is 28. 

(f) G. C. F. is 71. 



Bxerciaes 12 • 

1. (a) The set of multiples of 6 less than 100 is 

{0,6,12,l8,24,30,36,42,i^,5l*,6o,66,72, 78,84,90,96}. 

(b) The set of naatiples of 8 less than 100 is 
{0, 8, l6,2lt, 32, i^O, i+8, 56, 61^, 72, 80, 88, 96 } . 

(c) The set of multiples of 9 less than 100 is 
{0,9,l8,27,36,45,5'*,63,72,8i,90,99). 

(d) The set of multiples of 12 less than 100 is 
{ 0, 12, 21*, 36, 60, 72, 81^, 96 } . 
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S« (a) The set of mnmon miltiples of 6 and 8 less then 100 Is 
(0,2U,W,72,96}- 

(b) The set of ccmon oultipleB of £ az^ 9 less than 100 Ifi 
{0,18,36,5^^,72,90] • 

(c) Tte set of cosamon multiples of 6 and 12 less than 100 is 
(0, 12, 2U, 36, 1*6, 60, 72, 8U, 96 } • 

(d) The set of coosoon laultiples of 8 and 9 less timn 100 is (0,72}. 

(e) The set of eosaoon mltiples of 8 and 12 less than 100 is 
CO,2U,U8,72,96}. 

(f ) The set of coomon o&iltiples of 9 and 12 less than 100 is 
{0,36,72}. 







The 


least 


comnon multiple of 6 


asd 


a 

o 


IB 


ok 




(b) 


The 


least 


cmmtinn miltiple of 6 


and 


9 


is 


18. 




(c) 


The 


least 


coimon miltiple of 6 


and 


12 


is 


12. 




(d) 


The least coasnoa miltiple of 8 


and 


9 


is 






(e) 


The 


least 


cmmnon soiltiple of 8 


and 


12 


is 


2k. 




(f) 


The 


least 


conaoon mltiple of 9 


and 


12 


is 




k. 


(a) 


10 




(e) 


30 










(b) 


12 




(f) 


60 










(c) 


30 




(g) 


k2 










(d) 


12 




(h) 


72 








5. 


U) 


6 




(g) 


26 










(b) 


15 




(h) 


77 










(c) 


21 




(i) 


39 










(d) 


35 




ii) 


11+3 










(e) 


22 




(k) 


30 










(f) 


55 




(1) 


667 









6. (a) prijoe numbers 

(b) The Ii. C. M. of two different prime numbers is equal to the product 
of the two numbers. 

7. {a) 12 (f) 60 

(b) 8 (g) 60 

(c) 20 (h) 60 

(d) 18 (i) 30 

(e) 40 (J) 2k 
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8. Co^ioiite fhiaS>erB 

9* (•) Yes. 8 is the L. C. M. of k aad 8. . 

(b) So. The L. C. M. of 8 and 9 is 72. 

10. (a) 6 

(b) 29 

(c) a 

11. (a) 6 

(b) 29 

(c) a 

* 

12. (a) Ito. What is the L, C. M. of 2 and 3? 

(b) Fdr two dtfferent priro muabers, a and b, the L, C. M. is the 
product of the two muabers, a • b, 

(c) For three different prime numbers, a, b, and c, the L, C. M. 
is the product of the three nunibere, a - b • c* 



13. 


(a) 


k3 


(h) 360 




(b) 


112 


(1) 660 




(c) 


k^ 


{J) 720 




(d) 


70 


{k) 1000 




(e) 


Ikh 


(1) 6480 




<f) 


60 


(m) 7083 




(6) 


72 




Ik, 


(a) 


No 






(b) 


So 






(c) 


No 




15. 


(a) 


Yes 






(b) 


Yes 






(c) 


Yes 






(d) 


0 






(e) 


No. 


Zero is not a counting nuaber. 
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1. 



2, 



3. 



(•) 


l 


(g) 


1 


(to) 


2 


(h) 


6 


(c) 


7 


(i) 


3 


(d) 


5 


(J) 


2 


(e) 


12 


(k) 


9 


(f) 


3 


(1) 


k 


U) 


6 


(s) 


989 


(t) 




(h) 


858 


(c) 




(i) 


663 


(d) 


75 


(J) 


5^*02 


(e) 


36 


(k) 


2520 


(f) 


105 


(1) 


31,372 



Product of the numbers 
in Problem 1 



Product of the 0. C, F. and L. C. M. 
of the mmibers In Problem 1 



(a) 


2x3-6 


(a) 


1x6-6 


(b) 


6 X 8 « 48 


(b) 


2 X 24 B 48 


(c) 


7 X lU « 98 


(c) 


7 X 14 » 98 


(d) 


15 X 25 = 375 


(d) 


5 X 75 - 375 


(e) 


12 X 36 « 432 


(e) 


12 X 36 = 432 


(f) 


15 X 21 = 315 


(f) 


3 X 105 = 315 


(6) 


23 X U3 = 989 


(g) 


1 X 989 « 989 


(h) 


66 X 78 0 51U8 


(h) 


6 X 858 = 5148 


(i) 


39 X 51 = 1989 


(1) 


3 X 663 - 1989 


(^) 


74 X 146 ^ 10,8oU 


(j) 


2 X 5^02 = 10,804 


(k) 


45 X 72 X 252 « 22,680 


(k) 


9 X 2520 = 22,680 


(1) 


44 X 92 X 124 = 501,952 


(1) 


^ X 31,372 = 155,^88 



It Is always true that the product of tvo numbers Is equal to the 
pro&ict of their G. C. F. and their L. C. M. This can be seen from the 
following examples 

I«t r = 2^ X 5 X 7, and s - 2 x 5^ x 13. To get the G. C. F. w 
take the product of the primes occurring in both, raised to the smaller 
power: 2 K ^# To get the C. M,, we take the jowhict of the primes 
raised to the larger power: 

2^ X 5^ X 7 H 13. 
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Then rt-2^x5x7x2x5^Xl3 and G. C. F. - iaes L. C. M. - 

2x5 X 2^ X 5^ X 7 X 13. One product is the s«iae as the other except 
that the factors are rearranged. 

Thin Is not true for three or more numbers. 

U) (M,8,9,10,12,U,15,l6, 18,20,21, 22,2it,25,26,a7,28,30} 
(to) t2,3,5,7,ll,l3,17,19,23,29,31,37,l*l,l*3,'*7} 

(a) The product, a . b 



Example (l) The G. C. F. of 


3 


and 


5 


is 


1. 


The L. C. M. of 


3 


and 


5 


is 


15. 


£»Qple (2) Ihe G. C. F. of 


k 


and 


9 


is 


1. 


The Ii. C. M. of 


k 


and 


9 


is 


36. 


No. Not necessarily. 












The G, C. F. of 2, 3, and 


k 


Is 


1. 






The h. C. M. of 2, 3, and 


k 


is 


2^- 


3, 


or 



!• It is not 
2 • 3 • ^• 

(a) 2 is a prime nuober. It Is the only even prime misiber. 

(b) All primes except 2 are odd, i*e.,, 3, 5, .... 

(c) One, Only the prime number ^ hae an ending in ^. 
All other nuBibers ending in 5 are multiples of 5, 
i.e., 15, 25, 35, 

(d) 2 and 5 

(e) 1, 3, 7, and 9 

The two numbers are the eame. For example: The a. C. F. of 7 and 7 
is 7- The C. M. of 7 and 7 is 7. 

(a) 1. 1 is the leq gt Cfflanon factor of any two whole nimibers . 

(b) No answer is possible for the greatest coasaon multiple of any two 
v^le numbers. 

(a) Rows Bulbs per row (Bulbs and rows may 

^ be interchanged. ) 

2 56 

k 28 

8 Ik 

16 7 
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10. («) 3i 6, 9, 12, 15— first bell, 

5, 10, 15— second bell. 

They strike together igain in 15 minutes. 

(b) 6, 12, 18, 2k, 30"flr»t bell, 
15, 30>-second bell. 

They strike together sgaln in 30 minutes. 

(c) 15 is the lesst cossnon multiple of 3 and 5. 
30 is the Icsst coa&^n multiple of 6 and 15* 

11. (a) Yes. The G. C. F. of 6 and 6 is 6. 

The Ii. C. M. of 6 and 6 Is 6. 

(b) No. The G. C. F. of the members of a set of nuiubers can never be 
greater than the largest number of the set of nuxobers, because a 
factor of a number is alvays less than a multiple of the number 
unless the multiple is zero. 

(c) No* The L. CM. of the numbers of a set of nuz&bers can never be 
less than the largest menber of the set of numbers* 

The least common multiple of two numbers is at least as big as the larger 
of the tvo numbers (since the L« C. M. is a multiple of the larger number) « 
The greatest common factor of tm numbers is no larger than the smaller 
of the tvo numbers (since the G. C. F. is a factor of the snailler number). 
If the least common multiple and greatest common factor are equal, the 
larger and smaller number must also be equal. Illustrate vritb k and 6, 
locating the L. C. M. and G. C. F. on the number line; then use k and U< 

12. (a) No. It is not possible to have exactly four nunibers between two 

odd numbers. Betmen any two odd primes there is always an odd 
number of numbers. If they are consecutive odd primes, all the 
numbers between would have to be composite. 

(b) Yes. For eMWiple, between 23 and 29 there are e3»ctly 5 
composite numbers; 2U, 25, 26, 27, 28. 

13 ♦ (a) 135, 222, 783, and IO65 are all divisible by three. 

(b) 222 is the only numeral divisible by six. 

(c) 135 and 7B3 are divisible by nine. 

(d) 135 and IO65 are divisible by five. 

(e) 135 and IO65 are divisible by fifteen, 
{f ) None of the numerals (11 visible by four. 
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14. Mftny different anamrt should be expected fxt» the student; In a voy, hie 
w««oai for his snswer are more iaportaut than the answsr itself- The 
aost obvious answer is that, aa f ar as aultiplicstlon is concerned, the 
prise miabers are the building blocks of all counting mxx&bers, since any 
counting mister can be expressed as a product of pris^ nuolDers. If ve 
knov a coisplete factorisation of a ouaber, then ve can find all its 
factors. Frois complete factorizations the G, C. F. and L, C* of sets 
of nuobers mevy also be found* 

15. BRAINBUSTER. The pattern is a five-pointed star. 



16. There is no greatest prime number. 

To show there is no largest prioe number^ we will show that if p is 
any prime, there is another pri» larger than p. Denote by M the 
product of all the primes less than or equal to p: 

M«2X3>^5x7xilx...xp. 

Then, M + 1 is certainly larger than p, an^ VI ^ I has at least one 
prime factor (it msy itself be a prime). But H -k- I does not have any 
of the primes, 2, 3, 5, 7, p asa factoi since division by any of 

these primes leaves a remainder of 1. Thus, all the prina* factors of 
M + 1 are larger than p, and hence, p Is not the largest prime. 
Since p was an arbitrary prime, there is no largest prio^* 



Exercises lh» 
1. 





1 


2 


3 


k 


5 


6 


7 


8 


9 


10 


11 


12 


□ 


1 


3 


7 


15 


31 


63 


127 


255 


511 


1023 


20^*7 


1*095 



m 


13 


Ik 


15 


16 


17 


18 


19 


20 


n 


8191 


16383 


327677 


65535 


131071 


2621^3 


52U?87 


10U8^?75 
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(•) 3 dlviitei 3, 15, 63, 225, etc. 

(b) 7 divides- 63, 511, ^^095, etc. 

(c) 31 divide. 31, 1023, 32767, and 10if8575. 

(d) If a is divisible by b, then n is divisible by 



Note the difference betveea 
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